
Introduction Definitions Graph Isolinearity Tree reconstruction Conclusion

Structural and Complexity Aspects
of Line Systems of Graphs

Pavel Klavı́k

joint work with Jozef Jirásek
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Lines in Graphs

• Connected graphs induce a discrete metric space.

• Lines are subsets of vertices satisfying certain distance properties.

• For a graph, its line system is the set of all its lines.

• In this talk, we study complexity questions concerning line
systems.

Question
How well are graphs determined by their line systems?

J. Jirásek, P. Klavı́k S&C Aspects of Line Systems of Graphs
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Motivation in Combinatorial Geometry

Theorem (Sylvester, Gallai, 1944)
For every position of points in the plane, such that all the points do not
lie on a single line, there exists a line containing exactly two points.

OR

• Conjecture by Chvátal (2002): Generalize the theorem for discrete
metric spaces.

• Proved by Chen (2003).

J. Jirásek, P. Klavı́k S&C Aspects of Line Systems of Graphs
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Motivation in Combinatorial Geometry

Theorem (N. G. de Bruijn and P. Erdős, 1948)
Consider a set of n points in the plane. Then either

1 there exists a line containing all the points, or

2 the points define at least n different lines.

• Problem of Chen and Chvátal, 2008: Does the generalization of
the de Bruijn-Erdős theorem for discrete metric spaces hold?

• Still open, the best known bound is Ω(n2/7) by Chiniforooshan and
Chvátal, 2009.
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Lines in Graphs

Definition (metric space induced by a graph)

A connected graph G = (V , E) defines a natural metric space (V , d)
where d(u, v) is the distance of vertices u and v (length of a shortest
path between u and v).

Definition (betweenness)
A vertex b is between vertices a and c if and only if

d(a, b) + d(b, c) = d(a, c).

In other words, there exists a shortest path between a and c containing
the vertex b. We denote it by [abc].

J. Jirásek, P. Klavı́k S&C Aspects of Line Systems of Graphs
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Lines in Graphs

Definition (line in a graph)

For a pair of distinct vertices a and b we define the line
←→
ab:

←→
ab = {x | [axb]∨ [xab] ∨ [abx]}.

a
b

• Lines are determined by a structure of shortest paths.

• E: For every line
←→
ab, a ∈

←→
ab and b ∈

←→
ab.

• E: Every line induces a connected subgraph.

J. Jirásek, P. Klavı́k S&C Aspects of Line Systems of Graphs
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J. Jirásek, P. Klavı́k S&C Aspects of Line Systems of Graphs



Introduction Definitions Graph Isolinearity Tree reconstruction Conclusion

Lines in Graphs

Definition (line in a graph)

For a pair of distinct vertices a and b we define the line
←→
ab:

←→
ab = {x | [axb]∨ [xab] ∨ [abx]}.

a b

• Lines are determined by a structure of shortest paths.

• E: For every line
←→
ab, a ∈

←→
ab and b ∈

←→
ab.

• E: Every line induces a connected subgraph.
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Example of a graph

Example
What are the lines of W4?

• The line
←→
ab = {a, b, c, d}.

• The line
←→
ae = {a, c, e}.

• The line
←→
ac = {a, b, c, d , e} = V (G).

We call such lines universal.

c

d

a

b

e

Line system of G: L(G) = {
←→
uv | u, v ∈ V (G), u 6= v}.

Example
For W4, we obtain

L(W4) =
{

{a, c, e}, {b, d , e}, {a, b, c, d}, {a, b, c, d , e}
}

.

J. Jirásek, P. Klavı́k S&C Aspects of Line Systems of Graphs
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Edge lines

Proposition
A graph is bipartite if and only if every edge uv defines a universal line.

• E: For uv ∈ E(G), x ∈
←→
uv if and

only if d(u, x) 6= d(v , x).

• For a bipartite graph, the distances
d(u, x) and d(v , x) have different
parity.

• For a non-bipartite graph, consider
a shortest odd cycle, x /∈

←→
uv .

u

v

x
even

odd

J. Jirásek, P. Klavı́k S&C Aspects of Line Systems of Graphs
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J. Jirásek, P. Klavı́k S&C Aspects of Line Systems of Graphs



Introduction Definitions Graph Isolinearity Tree reconstruction Conclusion

Edge lines

Proposition
A graph is bipartite if and only if every edge uv defines a universal line.

• E: For uv ∈ E(G), x ∈
←→
uv if and

only if d(u, x) 6= d(v , x).

• For a bipartite graph, the distances
d(u, x) and d(v , x) have different
parity.

• For a non-bipartite graph, consider
a shortest odd cycle, x /∈

←→
uv .

u

v

x
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Line Reconstruction

Problem
For a given system of sets, we try to find a graph having this system as
its line system.

Question
How good information about a graph is its line system? Is the graph
determined uniquely?

Not determined uniquely! For example, L(P3) ∼= L(C4).

J. Jirásek, P. Klavı́k S&C Aspects of Line Systems of Graphs
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Line Reconstruction

Problem (Line Reconstruction)

Input: A system of sets L.
Question: Is there a graph G such that L(G) ∼= L?

Problem (Graph Isolinearity)

Input: Graphs G and H.
Question: Is L(G) ∼= L(H)?

Problem (Line Check)

Input: A graph G and a system of sets L.
Question: Is L(G) ∼= L

J. Jirásek, P. Klavı́k S&C Aspects of Line Systems of Graphs
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Line Reconstruction

Problem (Line Reconstruction – remains open, solved for trees)

Input: A system of sets L.
Question: Is there a graph G such that L(G) ∼= L?

Problem (Graph Isolinearity – GI-complete)

Input: Graphs G and H.
Question: Is L(G) ∼= L(H)?

Problem (Line Check – GI-complete)

Input: A graph G and a system of sets L.
Question: Is L(G) ∼= L

J. Jirásek, P. Klavı́k S&C Aspects of Line Systems of Graphs
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Outline

1 The Graph Isolinearity Problem is GI-complete.

2 An algorithm for line reconstruction of trees.

3 An algorithm for embedding metrics into weighted trees.

4 More about structure of line systems of trees.

5 Conclusion with several open problems.

J. Jirásek, P. Klavı́k S&C Aspects of Line Systems of Graphs
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Graph Isolinearity is GI-complete

Theorem
The Graph Isolinearity Problem is GI-complete.

• The proof is based on a split construction by Booth, Lueker, 1979.

• For a graph G, the split construction of G is the graph G′:

V (G′) = V (G) ∪ E(G),

E(G′) = {uv | u, v ∈ V (G)} ∪ {eu, ev | e = uv ∈ E(G)}.

u1

u2

u3

u4

u5

e1

e2 e3

e4

e5

G u1

u2

u3

u4

u5

e1

e2 e3

e4

e5

G′
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Graph Isolinearity is GI-complete

Lemma (Booth, Lueker, 1979)

For graphs G and H with δ(G), δ(H) ≥ 3, G ∼= H if and only if G′ ∼= H ′.

Lemma
For graphs G and H with δ(G), δ(H) ≥ 3, G′ ∼= H ′ if and only if
L(G′) ∼= L(H ′).

• These lemmata imply that graph isomorphism can be solved by
graph isolinearity.

• A line system is a hypergraph, so graph isolinearity can be solved
by hypergraph isomorphism.

• Hypergraph isomorphism is GI-complete, by Zemlyachenko et al.,
1985.
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Algorithm for tree reconstruction

Theorem

Trees are line reconstructible in time O(n4).

How does a line
←→
ab in a tree look?

• It contains all vertices of the path between a and b.
• It also contains subtrees attached to vertices a and b.
• It does not contain subtrees attached to inner vertices of the path.

a

b
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Algorithm for tree reconstruction

• Vertices of degree at least three are
called branch vertices.

• Vertices of smaller degree are
called non-branch vertices.

• A non-branching path is a path, of
which all the inner vertices are
non-branch vertices.

• A maximal non-branching path
cannot be enlarged.

The algorithm works in two steps.

1 We identify branch and non-branch vertices and discover edges
incident with non-branch vertices.

2 We find edges between branch vertices.
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J. Jirásek, P. Klavı́k S&C Aspects of Line Systems of Graphs



Introduction Definitions Graph Isolinearity Tree reconstruction Conclusion

Algorithm for tree reconstruction

Definition
Consider a relation R ⊆ V × V , where (a, b) ∈ R if and only if all the
lines containing the vertex a contain also the vertex b.

• A non-branch vertex is in the
relation exactly with all the vertices
of the maximal non-branching path.
Moreover, it is in the relation with at
most two branch vertices.

• A branch vertex is not in any
relation.

J. Jirásek, P. Klavı́k S&C Aspects of Line Systems of Graphs



Introduction Definitions Graph Isolinearity Tree reconstruction Conclusion

Algorithm for tree reconstruction

Definition
Consider a relation R ⊆ V × V , where (a, b) ∈ R if and only if all the
lines containing the vertex a contain also the vertex b.

• A non-branch vertex is in the
relation exactly with all the vertices
of the maximal non-branching path.
Moreover, it is in the relation with at
most two branch vertices.

• A branch vertex is not in any
relation.
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Definition
Consider a relation R ⊆ V × V , where (a, b) ∈ R if and only if all the
lines containing the vertex a contain also the vertex b.

a

b
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• A non-branch vertex is in the
relation exactly with all the vertices
of the maximal non-branching path.
Moreover, it is in the relation with at
most two branch vertices.

• A branch vertex is not in any
relation.
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Algorithm for tree reconstruction

• We obtain something like:

• We still need to discover dashed edges between branch vertices.
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Algorithm for tree reconstruction

• The intersection of all the lines containing two branch vertices a
and b is the path between a and b.

a b

a1

a2

b1

b2

• If the intersection contains just a and b, then ab is an edge.

Corollary
If two trees are isolinear, they are also isomorphic.
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Embedding metrics into weighted trees

• A metric embedding is a mapping preserving distances.

• To store a discrete metric, we need to remember O(n2) distances.

• On the other hand, if it is embeddable to a sparse graph, we can
save some space.
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Embedding metrics into weighted trees

Theorem
We can test whether a given metric is embeddable into a weighted tree
in time O(n4). Moreover, we can find such a weighted tree if an
embedding exists.

A key observation: Lines in weighted trees are exactly the same as
lines in unweighted trees.

The algorithm works in three steps.

1 We compute the line system of a given metric space.

2 Using the described reconstruction algorithm, we find a tree
having this line system.

3 We place weights on edges and order vertices of non-branching
paths according to the metric.
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Line systems with the Helly property

What we know about lines in trees?

• Two trees are isolinear if and only if they are isomorphic.

• There exists a non-tree graph C4 isolinear to the tree P3.

Plan: We construct a small superclass of trees, called HELLY .

Definition (Helly property)
A system of sets has the Helly property if every pairwise intersecting
subset of sets has a common intersection.

Example (Subtrees of a tree)

J. Jirásek, P. Klavı́k S&C Aspects of Line Systems of Graphs



Introduction Definitions Graph Isolinearity Tree reconstruction Conclusion

Line systems with the Helly property

What we know about lines in trees?

• Two trees are isolinear if and only if they are isomorphic.

• There exists a non-tree graph C4 isolinear to the tree P3.

Plan: We construct a small superclass of trees, called HELLY .

Definition (Helly property)
A system of sets has the Helly property if every pairwise intersecting
subset of sets has a common intersection.

Example (Subtrees of a tree)
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Line systems with the Helly property

• We define:
HELLY = {a graph G | L(G) has the Helly property}.

• It is a property of a line system. If two graphs are isolinear, then
they are either both Helly graphs, or none of them.

• An isometric subgraph is an induced subgraph preserving
distances.

Lemma

Let G be a Helly graph. Then it contains no cycle of length three, five
or more as an isometric subgraph.
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Line systems with the Helly property

Proposition
Classes TREE, HELLY , BIP and UNIV are in the following inclusions:

TREE ( HELLY ( BIP ( UNIV .

TREE HELLY BIP UNIV

• TREE ⊆ HELLY : Lines induce connected subgraphs, subtrees of
a tree satisfy the Helly property.

• HELLY ⊆ BIP: A non-bipartite graph contains an isometric odd
cycle, therefore it is not Helly.

• BIP ⊆ UNIV : For every edge uv ,
←→
uv is universal.
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Open problems

Open Problem
What is the complexity of the line reconstruction problem?

Conjecture
The only non-tree graph isolinear with a tree is C4.

Conjecture
There exists no bipartite graph isolinear to a non-bipartite graph.
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