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Graph homomorphisms

Definition (Graph homomorphism)

A homomorphism is a mapping f : V (G) → V (H) preserving edges:

uv ∈ E(G) =⇒ f (u)f (v) ∈ E(H).
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• Homomorphisms generalize proper colorings:
A graph is proper k-colorable if and only if it maps to Kk .
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Graph homomorphisms

Problem: H-homomorphism (H-HOM).
Input: A graph G.

Question: Does exist a homomorphism from G to H?

Hell and Nešetřil (1990): dichotomy for H-HOM:

• For H bipartite: H-HOM is in P.

• Otherwise: H-HOM is NP-complete.
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Graph covers

Definition (Covering)
A homomorphism is locally bijective (covering) if

∀v ∈ V (G) : NG[v ] is mapped bijectively to NH [f (v)].
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• Mapping preserves degrees.

• For H connected, the number of preimages is the same.
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Graph covers

Problem: H-COVER.
Input: A graph G.

Question: Does G covers H?

Only partial results:

• Pioneered by Bodlaender (1989).

• First results for H fixed: Abello et al. (1991) and Kratochvı́l (1994).

• Kratochvı́l, Proskurowski and Telle (1997) and Fiala (2000):
NP-completeness for k-regular graphs H, k ≥ 3.

• Kratochvı́l, Proskurowski and Telle (1998): Complexity
characterization for all graphs H with at most six vertices.
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Planar covers

In this talk, we restrict an input graph G to be planar:

Problem: H-PLANARCOVER.
Input: A planar graph G.

Question: Does G covers H?

• H-PLANARCOVER is easier than H-COVER.

• If H-COVER belongs to P, then also H-PLANARCOVER is in P.

• Does planarity make the problem easier for some H?
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Planar covers

k-COLORING:

• k-COLORING is NP-complete for k ≥ 3 for general graphs.

• For planar graphs, the Four Color Theorem makes it trivially
solvable for k ≥ 4.

• However, for k = 3 it remains NP-complete even for planar inputs.

3-Edge-colorability of cubic graphs:

• It is NP-complete, proved by Holyer.

• On the other hand, every planar cubic graph is 3-Edge-colorable.

Kratochvı́l asked how hard is K4-PLANARCOVER:

• Originally, the problem looked similar to 3-Edge-colorability.

• The original reduction is from 3-Edge-colorability of cubic graphs.

• One of our results: K4-PLANARCOVER is NP-complete.
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Planar covers

• There are graphs which have no planar cover.

• For example K7, there is no six regular planar graph.

• K7-COVER is NP-complete, but K7-PLANARCOVER is trivially
solvable (always output “No”).

Conjecture (Negami Conjecture, 1988)
The connected graphs which admit a planar cover are exactly the
connected graphs embeddable in the projective plane.

• Easy implication: the projective plane =⇒ a planar cover.

• Results of Negami, Archdeacon, Hliněný and Thomas: Most of
the forbidden minors of the projective plane has no planar cover.

• Only one remains open: K1,2,2,2.
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Our results

Question (Kratochvı́l, MCW 2009)
Is it true that H-PLANARCOVER is NP-complete if and only if H-COVER is
NP-complete and H admits a planar cover?

neither??

NP-c

P

have planar coverstrivial

• Our results: This question is true for several small graphs H.
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Our results

Theorem
The problems K4-PLANARCOVER, K5-PLANARCOVER and
K6-PLANARCOVER are NP-complete.
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• On every neighborhood, every color
is used exactly once.

• This is equivalent to coloring of
squares of regular planar graphs.

• A special case of channel assignment
problem.

• We strenghten result of Dvořák et al.:
It is NP-complete to decide whether a
square of a subcubic planar graph is
4-colorable.
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It is NP-complete to decide whether a
square of a subcubic planar graph is
4-colorable.
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Our results

Theorem

The problems K +

4 -PLANARCOVER and
K−

5 -PLANARCOVER are NP-complete.
1
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• We have only three vertices of the same degree: 1, 2 and 3.

• Preimages of 0, + and − easily determined.

• But the problems are NP-complete.

• We solved PLANARCOVER for all graphs with at most five vertices,
except for W4.
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Our results

Theorem
The problem D-PLANARCOVER is NP-complete, where D is a dumbbell
graph.

f

• It is the smallest multigraph for which COVER is NP-complete.

• Every bridgeless cubic graph: Its edges can be split to a perfect
matching and a collection of cycles.

• In this case: We want to color the cycles by two colors, such that
no edge of the matching is monochromatic.

• This strengthens a result of Janczewski et. al 2009:
Partial D-PLANARCOVER is NP-complete.
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Overview of the reduction

We reduce K6-PLANARCOVER from 6-SEGMENTCOLORING:

Problem: k-SEGMENTCOLORING.
Input: A segment representation of G.

Question: Is G a k-colorable graph?

G

Erlich, Even and Tarjan (1976): k-SEGMENTCOLORING is NP-complete
for k ≥ 3.
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Overview of the reduction

• We construct a graph G′ with “the same” topology as G.
• Every crossing is replaced by a crossing gadget.
• Every crossing gadget has four pairs of outer vertices.
• Subsegments are represented by pairs of parallel edges.
• Claim: G′ covers K6 if and only if G is 6-colorable.

G G′
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Representation of a coloring

• Colors of subsegments are represented by image of color vertices.

• Non-color vertices are mapped arbitrary.
• A crossing gadget ensures:

1 Attached subsegments are mapped in this way.
2 The opposite subsegments are colored the same.
3 The colors x1 and x2 are distinct.
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Crossing gadget

• Every crossing gadget is built from several auxiliary gadgets.
• Outgoing pairs of edges are mapped as described before.
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Crossing gadget

1 Auxiliary gadgets force validity of mapping of subsegments.
2 Colors are translated between opposite subsegments.
3 Inner auxiliary gadgets force x1 6= x2.
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Conclusion

Lemma
G′ covers K6 if and only if G is 6-colorable.

=⇒:

• Suppose we have a covering.

• Cross gadgets force every subsegment to be mapped validly.

• From the mapping, we construct a coloring of the segments.

⇐=:

• Suppose we have a coloring.

• Fix a mapping of all subsegments.

• Since the coloring is correct, we can finish the mapping of all
crossing gadgets.
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O. Bı́lka, J. Jirásek, P. Klavı́k, M. Tancer, J. Volec On the Complexity of Planar Covering of Small Graphs



Introduction Hardness of K6-PLANARCOVER Conclusions

Conclusion

Lemma
G′ covers K6 if and only if G is 6-colorable.

=⇒:

• Suppose we have a covering.

• Cross gadgets force every subsegment to be mapped validly.

• From the mapping, we construct a coloring of the segments.

⇐=:

• Suppose we have a coloring.

• Fix a mapping of all subsegments.

• Since the coloring is correct, we can finish the mapping of all
crossing gadgets.
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Other reductions

To show other hardness results, we use:
K4 and K5:

• We just modify the auxiliary gadget.

• We reduce from 4-SEGMENTCOLORING (resp.
5-SEGMENTCOLORING).

K +

4 and K−

5 :

• We modify both auxiliary gadget and crossing gadget.

• Color vertices are mapped to 1, 2 or 3, non-color vertices to 0.

The dumbbell graph D:

• We reduce the problem from 2-IN-4-MONOTONEPLANARSAT.
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Open problems

Open Problem
What is the complexity of W4-PLANARCOVER?
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• Preimages of the central vertex are uniquely determined.

• The rest of the graph consists of cycles of length divisible by four.

• There are eight possible ways how to map vertices of each cycle.

• Moreover, every central vertex is adjacent to each number.

We were able to show hardness of partial W4-PLANARCOVER.
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Thank you!

Thank you!
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